We will reconstruct compact, triangulated n-manifolds-without-boundaries from just their [n/2]+ 1 skeletons. Therefore, two such manifolds are isomorphic if they have simplicially isomorphic [n/2]+ l-skeletons. Furthermore, when n is even, and the n/2-homology group is zero, then the n/2-skeleton is sufficient.
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The purpose of this paper is to establish this result: Later, we will show that compact triangulated topological manifolds with different dimensions must have different high-dimensional skeletons. This is Theorem 14. It is in contrast to Caratheodory's result (Counterexample 18) that triangulated spheres of different dimensions can have the same low-dimensional skeletons.
A homology n-manifold is a (locally-finite) simplicial complex with the property that the link of every vertex has the homology of an (n -l)-sphere.
Sometimes the dimension of the necessary skeleton may be reduced by 1. Remark. Lemma 7 is a corollary of PoincarC Duality. Putting Lemma 7 into this long exact sequence, we obtain these short exact sequences:
This last ,sequence is the main result behind Part (ii) of the next lemma. In turn, Lemma 8 Part (ii), together with Lemma 6 Parts (a) and (b) will be used to determine which k-spheres in M (or in Skelk M) bound a (k + l)-simplex in M.
Lemma 8. Suppose Sk 4 M, M a compact homology n-manifold, then:
jfn-k,n-k-l,n,n-l;j<r;
(ii) when n < 2 k, either
Hn_-k_-I(Skelli C(Sk, M)) % &k_r(Skelk iw).
Sublemma 9. The inclusion induced homomorphism H,(Skel, (K)) + H,(K) is an
isomorphism whenever j < n -2.
Proof of Lemma 8. (i)
Using (1) first and then Lemma 6 parts (a) and (c) we see
This and Sublemma 9 will establish part (i).
(ii) Putting the results of Lemma 6 parts (a) and (c) into (2) This and Sublemma 9 will establish part (ii). The vertical arrows are isomorphisms since fk is a simplicial isomorphism. Since k 3 m 2 n/2+; implies 2k> n, it follows, from the Main Lemma 10, that the horizontal top arrow is an isomorphism. Therefore the bottom horizontal arrow is also an isomorphism. Therefore it follows from the Main Lemma 10 that there exists a (k + 1)-simplex Sk+' in N such that fk(aAk+') =tJ6k+1. Thus fk can be extended to a simplicial isomorphism Skelk (M) lJ A ktl + Skelk (N) lJ 6 '+'. By doing this construction over all the (k + 1)simplices of Skelk+,(M), fk can be extended to a one-to-one simplicial map fk+l : Skelk+r(M) + Skelk+,(N). In the same way, one may check that each k + 1 simplex of N is the image under fk+l of a k + 1 simplex of M. Therefore fk+* will be a simplical isomorphism. Thus the induction is established. The last isomorphism, f,,: M --* N, establishes Theorem 1.
Main
We now proceed to 'extend' Theorem 1 to Theorem 2. All that really remains is to construct the (m + l)-skeleton of M from the m-skeleton. For this we need the next lemma instead of Lemma 8. This and Sublemma 9 will establish part (i).
(ii) For orientable manifolds, PoincarC Duality is valid for homology groups with the integers 2 as the ring of coefficients. Therefore, for orientable manifolds, (2) with 2 instead of Zz is valid for these homology groups with Z coefficients.
Again setting k = m (and n-k = m) in (3) This and Sublemma 9 will establish part (ii). (Skel, C(Sm, M) , ZJS H,_,(Skel,(M, Z,) ), when M is non-orient- (Skel,(M, Z) ), when M is orientable and H,,,(M, Z) is a finite group.
Having constructed the (m + 1)-skeleton, Theorem 11 'will construct' the rest of the manifold M.
Proof of Theorem 2. In the same manner, as in the proofs of Theorems 1 and 13, the isomorphism, between the m-skeletons of M and N, may be extended to an isomorphism between the (m+l)-skeletons. Theorem 1 will now complete the proof of Theorem 2.
The next result says that compact triangulated manifolds with different dimensions must have different (high dimensional) skeletons. Remark. That the condition 2m 3 n + 1 cannot be relaxed to 2m = n -2 was demonstrated by Caratheodory (Counterexample 18).
We begin by establishing a simple case of Theorem 14. Hj(Skel,C(S",M))~Hj (Skel,M) for j=n-m and j=n-m-l.
